Abstract. We prove that any solution to the spherically symmetric SU(2) EinsteinYang/Mills equations that is defined in the far field and is asymptotically flat, is globally defined. This result applies in particular to the interior of colored black holes.
Introduction.
In this paper we prove the following surprising property of spherically symmetric solutions to the SU(2) Einstein-Yang/Mills equations: Any solution to the EYM equations which is defined in the far field (r >> 1) and has finite (ADM) mass, is defined for all r > 0. We note that this is not true in the "other direction"; i.e., if a solution is defined near r = 0 with particle-like boundary conditions, a singularity can develop at some ρ > 0, and the solution cannot be extended for r > ρ, (see [9, Thm. 4 
.1]).
Moreover, in general for nonlinear equations, existence theorems are usually only local, with perhaps global existence only for special parameter values . However for these equations we prove here a global existence result for all solutions defined in a neighborhood of infinity. Furthermore, we know (see [9] ), that given any event horizon ρ > 0, there are an infinite number of black-hole solutions having event horizon ρ. Our results in this paper imply that all of these solutions can be continued back to r = 0. In particular, this gives information as to the behavior of the Einstein metric and the Yang-Mills field inside a black hole, a subject of recent interest; see [4, 5] . 1 Research supported in part by the N.S.F., Contract No. DMS-G-9501128.
In the papers [10, 14] , we have studied solutions defined in a neighborhood of r = ∞, and we proved that either the solution is defined up to some r = ρ > 0, in which case it is a black-hole solution of radius ρ, (as discussed in [9] , and therefore continues through the event horizon; i.e., to ρ − ε ≤ r ≤ ρ), or else the solution is defined all the way to r = 0, and is particle-like or is Reissner-Nordström-Like. In this paper, we complete our investigtions by analyzing the behavior inside the black hole; i.e., on the interval 0 < r < ρ, see [4, 5] for a discussion of the behavior near r = 0.
In order to describe our results, we recall that for the spherically symmetric EYM equations, the Einstein metric is of the form 1) and the SU(2) Yang-Mills curvature 2-form is
Here A, C and w are functions of r, and (τ 1 , τ 2 , τ 3 ) form a basis for the Lie algebra su (2) .
Using (1.1) and (1.2), the spherically symmetric SU(2) EYM equations are (cf [1 -14] ): Notice that (1.3) and (1.4) do not involve C so that the major part of our effort is to study the coupled system (1.3), (1.4).
We define the "mass function" µ(r) by µ(r) = r(1 − A(r)). We now give an outline of the proof. Assume that the solution is defined for all r > r 0 > 0; we then prove that the solution can be continued through r 0 ; i.e., on an interval of the form r 0 − ε < r < ∞, for some ε > 0. In order to get a handle on the solution we first prove that A(r) has at most a finite number of zeros on the interval r 0 ≤ r < ∞; this is the main content of §3. Thus A(r) must be of one sign for r near r 0 , r > r 0 , and so there are two cases to consider in the proof: A > 0 near r 0 or A < 0 near r 0 .
When A > 0 near r 0 , there are certain simplifying features of the problem; for example, µ ′ (r) > 0 so µ(r) has a limit at r 0 , and thus lim rցr 0 A(r) exists. If A(r 0 ) ≥ 1 then (A, w) is a Reissner-Nordström-Like (RNL) solution, and it was proved in [14] that such solutions are defined on 0 < r ≤ r 0 . If A(r 0 ) > 0, w 2 (r 0 ) > 1, and (ww ′ )(r 0 ) ≥ 0, this contradicts our assumption that the solution is defined in the far field, [10] . If A(r 0 ) > 0, w 2 (r 0 ) > 1, and (ww ′ )(r 0 ) < 0, then it was proved in [14] that again the solution is an RNL solution. Thus, in the case where A > 0 near r 0 , we may assume that 1 > A(r) > 0 and w 2 (r) < 1 for r near r 0 . In this case, the results in [10] show that the solution can be continued beyond r 0 ; see Theorem 4.2.
The main thrust of this paper is to consider the case when A(r) < 0 for r near r 0 , (r > r 0 ), and to prove that in this case too the solution can be continued beyond r 0 .
If A < 0 near r 0 , there are two cases to consider: (I) Near r 0 , A is bounded away from zero, and (II), A is not bounded away from zero; i.e., there is a sequence r n ց r 0 such that A(r n ) → 0. In Case (I), we prove that the equations are non-singular at r 0 , and thus the solution can be continued beyond r 0 . In Case (II), the equations are singular at r 0 . However, we prove in this case that these solutions are exactly solutions of the type considered in [9] , and the existence and uniqueness theorems proved in [10] imply that the solution can be continued beyond r 0 . These cases form the subject of §5.
In §2 we introduce some auxiliary functions which will be used in the paper, and we also recall some known results. The reader is advised to consult this section as needed.
The final section consists of a list of miscellaneous results, open questions and conjectures.
Preliminaries.
The static, spherically symmetric EYM equations, with gauge group SU(2), can be written in the form (c.f. [1, 3, 7] ):
1)
where
Here w(r) is the connection coefficient which determines the Yang/Mills field, and A and C are the metric coefficients in (1.1).
If we define the function Φ by 
If (A(r), w(r)) is a given solution of (2.1), (2.2), then we write Φ(r) = Φ (A(r), w(r), r) .
We note that (c.f. [8] ) the function Φ satisfies the equation
We shall have occasion to analyse the behavior of the functions v, f and µ defined by These satisfy the respective equations ( [8, 9] )
and
We now shall recall some results from the papers ( [8] [9] [10] [12] [13] [14] ); these will be needed in our development.
The first theorem gives us control on orbits which leave the region w 2 < 1.
Theorem 2.1. ( [10, 14] ): Let (A(r), w(r)) be a solution of (2.1), (2.2) , and assume that for some r 0 > 0, w 2 (r 0 ) > 1 and A(r 0 ) > 0.
i) If (ww ′ )(r 0 ) > 0, then there is an r 1 > r 0 such that lim rրr 1 A(r) = 0, and w ′ is unbounded near r 1 .
ii) If (ww ′ )(r 0 ) < 0, then there is an r 1 , 0 < r 1 < r 0 such that A(r 1 ) = 1, A(r) > 0 if 0 < r ≤ r 0 , and lim rց0 (A(r), w(r), w ′ (r)) = (∞,w, 0), for somew.
A solution which satisfies A(r) > 1 for some r > 0, is called a Reissner-Nordström-Like (RNL) solution; see [14] for a discussion of these RNL solutions.
The next two theorems disallow degenerate behavior of the function A(r). We next recall the notions of particle-like and black hole solutions of the EYM equations.
A (Bartnik-McKinnon) particle-like solution of (2.1), (2.2) is a solution defined for
, and w ′′ (0) = −λ < 0 is a free parameter;
particle-like solutions are parametrized by (a discrete set of) λ: (A(r, λ), w(r, λ)).
Theorem 2.4. ( [8, 9, 3] ). There is an increasing sequence λ n րλ ≤ 2, where w(0, λ n ) = −λ n , such that the corresponding solutions (A(r, λ n ), w(r, λ n )) are particle-like and
Moreover, w(r, λ n ) has precisely n-zeros.
A black-hole solution of radius ρ > 0 of (2.1), (2.2) is a solution defined for all r > ρ,
It was shown in [9] that the functions A and w are analytic at ρ, and that (w(ρ), w ′ (ρ)) lies on the curve C ρ in the w − w ′ plane given by
The curves C ρ differ depending on whether ρ < 1, ρ = 1, or ρ > 1; these are depicted in Figures 1-3 .
On each of these figures we have indicated the sign of Φ(ρ) in the relevant regions by + or − signs. The components of C ρ for which Φ > 0 correspond to (local) solutions for which A ′ (ρ) > 0, and (some) yield black-hole solutio ns. The other components correspond to (local) solutions with A ′ (ρ) < 0. Black-hole solutions can only emanate from the component of the curve containing Q (c.f. Figures 1-3 ). The obits through P and R have A(r) < 0 for some r > ρ. Finally, we showed in [14] that the orbits through R correspond to RNL solutions.
Black hole solutions are parametrized by w(ρ), and the relevant theorem for black solutions is:
fined for all r > ρ satisfies A(r, α n ) > 0, and
, lim r→∞ r(1 − A(r, α n )) < ∞ and w(r, α n ) has precisely n-zeros. In each case, lim r→∞ w 2 (r) = 1 or 0 (0 only for RN solutions), lim r→∞ rw ′ (r) = 0 and lim r→∞ A(r) = 1. The solution also has finite (ADM) mass; i.e. lim r→∞ r(1−A(r)) < ∞.
3 The zeros of A.
In this section we shall prove that the zeros of A(r) are discrete, except possibly for an accumulation point at r = 0. We shall also show that A can have at most two zeros in the region r ≥ 1. In proving these, we shall make use of Figures 1-3 .
In the remainder of this paper we shall always assume that the following hypothesis (H) holds for a given solution (A(r), w(r)) of (1.3) and (1.4) (H) There is an r 1 > 1 such that the solution (A(r), w(r)) is defined for all r > r 1 , and A(r 2 ) > 0 for some r 2 ≥ r 1 . Proof. Suppose that A has 3 zeros in the region r ≥ 1. Then there must exist ρ, η, Notice that Theorem 3.1 follows at once from Propositions 3.2 and 3.3.
Proof. We shall show that there is a neighborhood of r 0 in which A = 0.
Choose ε > 0 such that r 0 + ε < 1. We will show, using Theorem 2.3, that there exists an η > 0 such that if z 1 and z 2 are two consecutive zeros of A, r 0 < z 1 < z 2 < r 0 + ε < 1,
This implies that there can be at most a finite number of zeros of A in the interval (r 0 , r 0 + ε).
) lies on the middle curve in Figure 1 , (where ρ is replaced by z 2 ). Without
Now define δ by
Then there exists a constant c > 0 such that
and thus for which
then on the interval w 1 ≤ w ≤ w 2 , we may apply Theorem 2.3 to conclude that ( 3.2) holds. Thus the proof of Proposition 3.3 will be complete once we prove (3.4); this is the content of the following lemma.
Proof of Lemma 3.4. Recall that f satisfies
We first claim that there is a value a < r 1 , with f (a) = 0, and for a ≤ r < r 1 , −1 ≤ w(r) ≤ −c, and w ′ (r) ≥ 0. Indeed, note that the orbit cannot exit the region w 2 < 1 through w = −1, for r > z 1 , because by Theorem 2.1 (ii), there would be no zero of A smaller than r 1 . Therefore, either the point (w(z 1 ),
in which case we take a = z 1 , or else the orbit crosses the segment −1 ≤ w ≤ −c, w
at some r = a, and again f (a) = 0.
We now prove
for r in the interval (a, r 2 ). Since f (a) = 0, then if (3.7) holds, there can be no first value of r for which f (r) =
, and hence (3.5) holds. Thus it suffices to prove (3.7).
To do this, we first note that
Now from (2.14), we have, when f =
where we have used (3.8) . Now when f =
. Using this in (3.9) gives [] This last result, this justifies our assumption that in the remainder of this paper that the following hypothesis (H) holds for a given solution (A(r), w(r) of (1.3) and (1.4):
(H) There is an r 1 > 1 such that the solution (A(r), w(r)) is defined for all r > r 1 , and A(r 2 ) > 0 for some r 2 ≥ r 1 .
We now let r 0 be any given positive number, and assume that the solution (A(r), w(r)), of (1.3), (1.4) is defined for all r > r 0 . We then have the following theorem.
Theorem 4.2. Assume that hypothesis (H) holds, and that A(r) > 0 for r near r 0 , r > r 0 .
Then the solution can be extended to an interval of the form r 0 − ε < r ≤ r 0 .
Proof. It follows from Proposition 2.6 that either w 2 (r) < 1 for all r near r 0 , or else (A, w) is an RNL solution and is thus defined for 0 < r ≤ r 0 . In the case w In this section we assume that the solution (A, w) of (1.3), (1.4) is defined for all r > r 0 , and that A(r) < 0 for r near r 0 , r > r 0 . We shall prove that the solution can be continued past r 0 . This is the content of the following theorem. Proof. From (2.7), we can write Proof. From (2.1), we have
The hypothesis implies that w is bounded near r 0 so the coefficients of (5. (Ā,w,w ′ , r 0 ) ≡ P exists whereĀ > 0. Hence the orbit through P is thus defined on an interval , r 0 − ε < r < r 0 + ε, for some ε > 0.
Remark. We did not use the fact that A < 0 to obtain this conclusion; all we needed was A bounded away from 0 and w bounded near r 0 .
We shall now show that in Case 1, w must be bounded near r 0 . To do this, we will assume that w is unbounded near r 0 , r > r 0 , and we shall arrive at a contradiction.
Thus, assume that for some ε > 0, w(r) is unbounded on (r 0 , r 0 + ε). Proof. Assume that the orbit has infinite rotation about either (0, 0), or (±1, 0); we will
show that this leads to a contradiction.
Since (5.7) holds, the orbit must rotate infinitely many times outside the region w 2 ≤ 1, as r ց r 0 . We may also assume without loss of generality that lim rցr 0 w(r) = −∞.
It follows that there exists sequences {r n }, {s n }, r r+1 < s n+1 < r n , with w ′ (r n ) = 0, w(s n ) = −2, lim w(r n ) = −∞, and w(r n ) < w(r) < w(s n ), for r n < r < s n ; c.f. Figure 6 .
We first show that for w(r) ≤ −2, w ′ is bounded; i.e, (as in the proof of Lemma 3.4,
To prove (5.8), we use (2.7):
Thus, if for some r > r 0 , and w(r) ≤ −2, we had w ′ (r) = Proof: For r near r 0 , the lemma implies that the orbit has finite rotation near r 0 . Thus the orbit must lie in one of the four strips, w < −1, −1 < w < 0, 0 < w < 1, w > 1.
Since in each strip w ′′ is of fixed sign when w ′ = 0 it follows then that w ′ is of one sign near r 0 , so that w has a limit at r 0 ; since w(r) is not bounded near r 0 , the result follows.
[] It follows from the last result that if w is unbounded near r 0 , then the orbit must lie in either region (1) or region (5), as depicted in Figure 7 . We will assume that the orbit lies in region (5) for r near r 0 ; the proof for region (1) is similar, and will be omitted. Remark. We do not use hypothesis (5.1) in this lemma, but we only assume A < 0 near r 0 . This result will be used in Case 2.
Proof. If w ′ does not have a limit at r 0 , then in view of (5.11), we can find sequences r n ց r 0 , s n ց r 0 , r n < s n < r n+1 , such that
and if r n ≤ r ≤ s n , w ′ (r) ≤ − n 2 . (5.14)
Then if r n ≤ r ≤ s n and n is large, (2.2) gives
and so integrating from r n to s n , gives
so that
But for large n, r n < 1 + r 0 , so that (5.16) implies
This contradiction establishes (5.12) and the proof of the lemma is complete.
[] Thus to dispense with Case 1, and obtain the desired contradiction (assuming that w is unbounded near r 0 ), we shall prove the following proposition.
Proposition 5.7. It is impossible for (5.1) and (5.7) to hold.
To prove this proposition, we shall obtain an estimate of the form
for r near r 0 . Integrating from r > r 0 to r 1 > r, gives
and this shows that w ′ is bounded near r 0 , thereby violating (5.12).
In order to prove (5.17), we need two lemmas, the first of which is Remark. We do not assume that (5.1) holds, but only that A < 0 near r 0 . This result too will be used in Case 2.
Proof of Lemma 5.8. We write (2.14) in the form (c.f. (2.5))
Now for r near r 0 , 
Integrating from r to r 1 , where r 0 < r < r 1 , and r 1 is close to r 0 , gives 
where we have used (5.18). Thus, using (5.12),
for some k 3 > 0. It follows that for some constant k > 0,
We can now complete the proof of Proposition 5.7. As we have seen earlier, it suffices to prove (5.17). Now since we are in region (5) (c.f. Figure 7) , uw < 0, so that for r near r 0 , (2.2) gives
where c 1 is a positive constant. Thus,
where we have used (5.22 If lim rցr 0 µ(r) > r 0 , then we can find numbers b and c, b > c > r 0 , and sequences {s n }, {t n }, r 0 < t n+1 < s n < t n , with µ(s n ) = c, µ(t n ) = b. Thus
where ξ is an intermediate point. Now from (2.15) for r near r 0 ,
since w is assumed to be bounded.
This is a contradiction since n (t n − s n ) is finite. Proof. We are going to apply Theorem 2.3 with w 1 = −1, w 2 = −1 + ε, for some ε > 0.
Thus assume Ω = ∞; then there exists a sequence r Since w ′′ , when w ′ = 0, has a fixed sign in each of the four strips, we see that w ′ must have a fixed sign for r for r 0 ; i.e., the projection of the orbit in the w − w ′ plane must lie in one of the 8 regions depicted in Figure 7 . Since we now have the orbit confined to one of these 8 regions, without loss of generality we will consider the case where w ′ < 0.
We will first show that orbit cannot lie in regions (6) or (8) for r near r 0 . Then we will show that if the orbit is in regions (5) or (7), and w ′ is bounded near r 0 , that lim rցr 0 A(r) = 0 and lim rցr 0 (w(r), w ′ (r)) exists and lies on C r 0 ; hence the orbit continues past r 0 . We complete the proof of Proof. In regions (6) and (8) , we see that
Since w is bounded near r 0 (5.33) implies that Φ is bounded near r 0 . Thus, from (2.6),
as r ց r 0 . However, this contradicts (5.
3). []
We now consider the case where (5.2) and (5.3) hold, and the orbit lies in one of the regions (5) or (7) for r near r 0 , r > r 0 .
We first consider the case where w ′ is bounded. Now as A → 0, and w has a limit, we see that Φ = r − rA − u 2 /r has a limit; call this limit Φ 0 ; i.e. Note too that if w(r 0 ) = 0, the orbit lies in region (7) for r near r 0 . We now have
Lemma 5.21. Suppose that (5.2) and (5.3) hold, and that the orbit lies in either region
where r n > ξ > r n+1 > 1. From (2.6) (5) or (7), and w ′ (r) is unbounded for r near r 0 , r > r 0 . We shall show that this case is impossible. Proof. Suppose that w(r) is bounded for r near r 0 ; we will show that this leads to a contradiction.
Thus, in this case (5.41) holds and Φ 0 is finite. We consider 3 cases Φ 0 > 0, Φ 0 < 0, Φ 0 = 0, and we will obtain contradictions in all cases. Then from (2.7)
as n → ∞. This contradiction implies that (5.43) holds.
Now if f = Aw ′2 , then from (2.14) To see this, we note first that
so that (c.f. (2.13)),
since w is bounded near r 0 . Hence, if r 0 < r < r 1 , and r 1 is near r 0 , v(r 1 ) < v(r) so Next, since
it follows from (5.47) that lim rցr 0 ( In Section 3, we proved that the zeros of A are discrete, except possibly at r = 0.
This leads to the first question. If b < 0, then lim rց0 A(r) = −∞, and lim rց0 (w 2 (r), w ′ (r)) = (1, 0). These solutions have been termed Schwarzschild-like [5] . In [5] , the authors also investigated RNL solutions but they mistakenly omitted the 2-parameter family of solutions that have w(0) = 0.
These solutions have the following asymptotic form near r = 0 :
These solutions are interesting since they give rise to asymptotically flat solutions with half-integral rotation numbers; see [14] . In addition the authors of [5] omitted solutions which have w 2 (0) = 1; these solutions have the following asymptotic form near r = 0 :
There is still another type of local solution, (discussed in [5] ), having A < 0 near r = 0, but these do not appear to give rise to asymptotically flat global solutions, [5] . We are thus lead to the following 'trichotomy conjecture": We conjecture that the answer to this question is negative. If our conjecture is true, this would enable us to drop the hypothesis A(r) > 0 in Theorem 1.2. If, on the other hand the conjecture is true, then we can show that the orbit must have infinite rotation in the (w, w ′ )-plane and w must be unbounded.
6. Using the methods in [7, 8, 9] , we have proved the following theorem (We omit the details of the proof as they are similar to those in [7] .)
In the above theorem, one parameter is the (ADM) mass β, and in fact, A(s = 0) = 1, and dA ds | s=0 = −β. The other parameter is α = dw ds | s=0 , and w 2 (s = 0) = 1; c.f. [10] .
It follows from the results in [10 or 14] , that the (ADM) mass β is finite for any solution which is defined in the far-field. Moreover, for such solutions lim r→∞ rw ′ (r) = 0; c.f. [9] . We do not know whether lim r→∞ r 2 w ′ (r) ≡ lim r→0 Figure 8 , where the points P n correspond to particle-like solutions and the β coordinate of P n tends to 2 as n → ∞; c.f. [11] .) There are also a countable number of points in this quadrant which correspond to particle-like solutions.
Thus, near any particular black-hole solution, there are global solutions which are neither black-hole or particle-like solutions; i.e., they must be RNL solutions. This follows since any point in this plane represents a global solution (from our results in this paper; c.f. Theorem 1.2). Thus for any such global solution (A, w), either A has a zero, in which case the corresponding point (α, β) lies on one of the above-mentioned countable number of curves, or it is one of the countable number of particle-like solutions, or it is an RNL solution [10, 14] .
It follows that in any neighborhood of a black-hole solution (A 0 (r), w 0 (r)) there are RNL solutions. In particular, if A 0 (r 1 ) = −η < 0, then arbitrarily close to this solution, there are solutions (A(r), w(r)) having A(r 1 ) > 0. This is a spectacular example of non-continuous dependence on initial conditions.
